
CS172, Midterm 1 Solutionsalexf�sua.berkeley.edu1. a. Here is a simple NFA that reognizes the language requested; there are several other options aswell, inlude a muh bigger NFA produed by the formal regular expression to NFA onversionproedure in Sipser.
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b. This is the sole possible parse tree, quikly found by notiing that the only soure of d's is U .
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b                                  d2. (True/False)False If the language L is regular, so is any subset of L. Note that any language is asubset of ��, a regular language, and we've ertainly seen that there exist non-regularlanguages.True The regular expression (0[1[;)Æ(�Æ;) de�nes the empty language. Examining thede�nition of the Æ operation will show that, for any regular expression R, R Æ ; = ;.False There exists an integer N suh that the language PN of all prime fators of Nexpressed in unary, is not regular. No matter how large N is, it's still �nite, andhas a �nite number of fators. Any �nite language is regular.False A Turing mahine may never write a spae to its tape. There's nothing in thede�nition that would impose suh an arti�ial restrition.True Over a given alphabet �, there is only a �nite number of languages aepted by a1-state NFA. If the sole state is not aepting, then the NFA must be aepting theempty language. If the sole state is aepting, then the language the NFA aepts isuniquely determined by the subset of S 2 � for whih there are loops; the NFA thenaepts S�. And there's only a �nite number of subsets of �.3. a. Note that the \state" of the DFA should keep trak not only of the positions of the two levers,but also of whether the last marble ame out of the W slot, making the state an aepting state.The transitions are then diretly derivable from the toy's operation rules; the �gure below onlyshows transitions from states reahable from the starting state (the other states an be left outof the DFA). Position of the x lever is listed �rst in the state names.
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Ab. Important to the desription of the language aepted is the quantity X = A + bB=2, where Aand B are the numbers of A and B marbles dropped in thus far, respetively. It is easily seenthat the x lever is rotated X times. The atual language aepted is the union of (1) the set ofall strings suh that the value of X before the last marble is dropped in is even, and (2) the setof all strings ending with B, whose total ount of B's is odd. The �rst set inludes all stringswhih result in the last marble being direted towardW by the x swith, and the seond { by they swith.An alternative interpretation of this language, notied independently by Jak Sampson and BillyChen, is to onsider the toy as a 2-bit adder, started at 0, with eah B marble resulting in a 1being added to the total, and eah A orresponding to a 2. Then, the mahine only if the lastmarble dropped did not ause the adder to overow.4. Suppose there exists a p satisfying the onditions of the pumping lemma for ontext-free languages.Then, onsider s = apbpp. For any u, v, x, y, z satisfying the pumping lemma onditions | s = uvxyz,jvxyj � p, jvyj > 0 | we know, from the last ondition, that vy must ontain at least one symbolfrom the last ondition. However, the seond ondition guarantees that the end of y (in s) is at most psymbols after the beginning of v (in s), so it annot be the ase that both an a and a  is ontained invy. Thus, uv2xy2z has at least p+1 of at least one of the symbols, but exatly p of one of the others,so it an't possibly be in the language. Thus, the pumping lemma is violated, and the language is notontext-free. �5. Sine L and L are enumerable, there exist, respetively, TMs M1 and M2 reognizing them. A deiderTM for L an be onstruted by, given any input w, runningM1 andM2 in parallel on two independentopies of w (on 2 di�erent tapes), one step at a time. If M1 aepts, aept; if M2 aepts, rejet.Clearly, the set of strings reognized by this TM is L, sine the only strings aepted are those aeptedin �nite time by M1. Furthermore, this TM is a deider sine any w 62 L is in L and will thus beaepted in �nite time by M2, and duly rejeted by this TM.
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